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We investigate conformally coupled quantum matter fields on spherically symmetric, continuously 
self-similar backgrounds. By exploiting the symmetry associated with the self-similarity the general 
structure of the renormalized quantum stress-energy tensor can be derived. As an immediate ap- 
plication we consider a combination of classical, and quantum perturbations about exactly critical 
collapse. Generalizing the standard argument which explains the scaling law for black hole mass, 
M ex \rj~ri*] 13 , we demonstrate the existence of a quantum mass gap when the classical critical expo- 
nent satisfies (3 > 0.5. When (3 < 0.5 our argument is inconclusive; the semi-classical approximation 
breaks down in the spacetime region of interest. 
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I. INTRODUCTION 

Choptuik H demonstrated that, for suitably chosen 
initial data, black holes of arbitrarily small mass can form 
in the gravitational collapse of a massless scalar field. 
Specifically, if the strength of the initial data is char- 
acterized by some parameter rj, say, then there exists a 
critical value rf such that the corresponding solutions to 
the Einstein-scalar field equations are divided into three 
classes: 

• Sub-critical solutions have n < 77*; the collapsing mat- 
ter eventually disperses leaving behind flat space. 

• Critical solutions have 77 = 77* ; they exhibit self-similar 
echoing in the neighborhood of a central singularity. 
The same echoing solution develops independent of the 
shape of the initial data. 

• Super- critical solutions have r\ > 77*; the scalar field 
collapses to form a black hole. The masses of black 
holes which form in marginally super-critical evolu- 
tions obey a scaling law such that 

Moc \n-n*f (1.1) 

where (5 « 0.37 is independent of the initial data. 
Since Choptuik's initial discovery, critical point behav- 
ior has been studied in a variety of models for gravi- 
tational collapse Whenever black- hole formation 
turns on at infinitesimal mass, precisely critical evolu- 
tions exhibit some form of self -similarity and the black- 
hole mass scales as in Eq. (1.1) with a model dependent 
exponent. 

The properties of black holes are radically changed by 
quantum field theory. Since the work of Hawking || it 
is well known that black holes formed by gravitational 
collapse will radiate particles via quantum processes pre- 
cisely as a black body with a temperature, the Hawking 
temperature, proportional to the surface gravity of the 
black hole. For a Schwarzschild black hole the Hawking 
temperature, Th, is given by 



kT H = 



tic 3 
8ttGM 



(1.2) 



where M is the mass of the black hole. Consequently, the 
black hole radiates energy at a rate proportional to M~ 2 . 
It follows that a black hole of mass M evaporates away 
by the Hawking process in approximately 10 _26 (M/1 g) 3 
seconds; black holes of very low mass, such as those 
formed in marginally super-critical collapse, evaporate 
away almost instantaneously. 

It would be of great interest to determine how the clas- 
sical picture of marginally supercritical collapse is mod- 
ified by quantum gravity; unfortunately this is beyond 
current techniques. A more modest program is to ex- 
amine quantum fields in critical spacetimes, and from 
this study to infer the semi-classical corrections to the 
classical evolutions. In this paper we undertake such an 
investigation. We focus attention on models of gravita- 
tional collapse in which black-hole formation turns on 
at infinitesimal mass, and the critical solution exhibits 
continuous self-similarity^]: perfect fluid collapse and a 
class of Brans-Dicke models belong in this category. The 
continuous self-similarity allows us to infer a great deal 
about the renormalized quantum stress-energy tensor for 
conformally coupled fields in a precisely critical space- 
time. Moreover, generalizing the classical, perturbative 
treatments of Koike et al Ij, Maison pL and Gund- 
lach H to include semi-classical corrections, we can in- 
fer the presence of a quantum mass-gap at the thresh- 
old of black-hole formation when (3 > 0.5. (For perfect 
fluids with pressure proportional to energy density, i.e. 
p = kp, (3 increases monotonically from about 0.106 when 
k = to 0.820 when k = 0.899 passing through (3 = 0.5 
at k ~ 0.53.) Our argument is quite robust, requiring 



*By continuous self-similarity, we mean that there exists a 
vector field £ such that Eq. (2.4) is satisfied. 



1 



minimal assumptions about semi-classical corrections to 
general relativity. It is worth noting that a mass-gap 
which originates with quantum effects will not be univer- 
sal in general. This observation is a direct consequence of 
the non-locality of the renormalized stress-energy tensor 
which carries information about the initial data which 
led to the collapse. 

We may contrast our approach with that of two related 
sets of work: 

• Ayal and Piran (h]] have made a detailed numerical 
study of scalar-field collapse in general relativity in- 
cluding a quantum stress-energy tensor, inspired by 
two dimensional considerations, as a source. There 
are two differences with our approach: (1) As Ayal 
and Piran deal with scalar field collapse the critical 
spacetime in their case contains only discrete self- 
similarity and not continous self-similarity as we 
have assumed here. (2) The quantum stress-energy 
tensor used by Ayal and Piran is not exactly con- 
served. In contrast ours arises from a renormalised 
effective action and so is conserved by constuction. 



• Bose et al ]ll]jl2| have studied semi-classical ef- 
fects in gravitational collapse in the framework of 
two-dimensional dilaton theories. They have shown 
that quantum effects lead to a mass-gap at the 
threshold of black-hole formation in this theory. 
Unfortunately, it is not clear whether the critical 
solution in their model exhibits any form of self- 
similarity, so it is difficult to directly compare with 
the present work. 

The paper is organized as follows. In section |l| we intro- 
duce self-similarity in the context of spherically symmet- 
ric spacetimes. The purpose is to highlight those features 
which arc important in the subsequent discussion of the 
renormalized stress-energy tenso r (RSET). This discus- 
sion is presented in section III A which reviews the prop- 



erties of the conformal transformation law for the RSET 
of a conformally invariant field. This law contains anoma- 
lous terms arising from the trace anomaly. Self-similarity 
allows the metric of the collapse spacetime to be written 
in a conformally stationary form. The conformal trans- 
formation law for the RSET then allows time-dependence 
of t he RS ET to be derived in these spacetimes. In sec- 
tion [II C we show how this information can be incorpo- 



rated into the standard classical, perturbative treatment 
to include semi-classical corrections. From this analysis 
we infer that, when semi-classical effects are accounted 
for, there is a mass gap at the threshold of black- hole 
formation when the classical critical exponent exceeds 
j3 > 0.5. We finish with a brief discussion of the results. 



II. SELF-SIMILARITY AND SPHERICAL 
SYMMETRY 

It is convenient to use a retarded coordinate u, and to 
write the spherical line element as 

ds 2 = e-' 2u [-G(u, C)du 2 - 2H(u, ()dud<; + ( 2 dfl 2 ] , 

(2.1) 

where dQ 2 = d6 2 + sin 2 dip 2 . Notice that the radius of 
the two-spheres is given by 



r(u,Q = 



(2.2) 



Since these coordinates are unfamiliar it is worth eluci- 
dating a couple of simple, but important, points. The 
origin of the coordinate £ coincides with the symmetry 
origin, i.e. r[u, 0) = 0. Surfaces of constant £ are timelike 
in a neighborhood of the origin; generally this neighbor- 
hood does not extend over the entire patch covered by the 
coordinates (u, C). This is clearly demonstrated by an ex- 
ample. In Minkowski spacetime the metric functions are 
G(u,() = 1 — 2(e~ u and H(u,Q = 1, so that ( changes 
from timelike to spacelike when £ = e"/2. Nevertheless, 
the metric is manifestly regular across this hypersurface. 
Finally, we note that r — > oo as u — > — oo on surfaces 
of constant £, while r — > as u ~ > oo along the same 
surfaces. 

The spacetimes of interest below evolve from regular 
initial data, and develop a singularity at r = as a re- 
sult of gravitational collapse of some matter field. We 
normalize u so that the singularity is located at infinite 
coordinate time, and that the proper time as measured 
by an observer at the origin is exponentially related to u, 
that is (r — t s ) oc e~ u where r s is the proper time at the 
singularity. 

Black-hole formation may be inferred from the exis- 
tence of an apparent horizon which expands to meet the 
event horizon at late times (assuming that cosmic cen- 
sorship holds). Surfaces of constant radius change from 
timelike to spacelike at the apparent horizon in spherical 
spacetimes. Thus, the normal to a surface of constant 
radius is null at the apparent horizon, and the equation 
for an apparent horizon is 



g af3 V a rX7pr = (G + 2C,H)H' 







(2.3) 



Self-similar spacetimes are characterized by the exis- 
tence of a vector field £ such that 



£$9 = 2g 



(2.4) 



where g is the metric tensor. The above coordinates are 
well adapted to discuss self-similarity since the line ele- 
ment for a spherically symmetri c, se lf-similar spacetime 
can always be written as in Eq. (2.1) with 



G( M ,C)=G SS (C) , 
H(u,C)=H ss (0 , 



(2.5) 
(2.6) 
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and £ = d/du. Explicitly, we have 

ds 2 = e- 2u [-G ss (()du 2 - 2H ss (()dudC + C 2 dil 2 ] , (2.7) 

so that g^u — e~ 2a g~au where £ = d/du is a Killing vector 
for the metric g^- 

In some studies of phase transitions in gravitational 
collapse, continuous self-similarity is observed in near 
critical evolutions when black-hole formation turns on 
at infinitesimal mass. This is schematically depicted in 
Fig. [I] where the spacetime diagram represents the col- 
lapse of critical (j) = rf) initial data. The shaded region 
indicates the asymptotic approach to self similarity in the 
central region; in precisely critical evolutions this region 
extends all the way to the singularity. 




e 



e 



FIG. 1. Schematic representation of the spacetime of crit- 
ical collapse. Surfaces of constant C, are indicated as dashed 
lines. The retarded time coordinate goes from u = — 00 at 
past null infinity to u = 00 at the Cauchy horizon indicated by 
CH; a singularity forms at r = C = 0, u = oo. The shaded re- 
gion indicates the asymptotic approach to self-similarity near 
the singularity. 



III. SEMI-CLASSICAL THEORY OF CRITICAL 
COLLAPSE 

The explicit computation of the renormalized stress- 
energy tensor for quantum fields is beyond current tech- 
niques except in certain exceptional circumstances with 
high symmetry. Nonetheless, significant progress can be 
made by exploiting the self-similarity of critical space- 



times and a powerful tool which has been developed by 
Page et al (if 11. 



A. Renormalized stress-energy tensor 

At the quantum level it is well known that renormal- 
ization breaks the conformal invariance of a classically 
conformally invariant theory. This is manifested in the 
existence of the trace anomaly. As a result the renor- 
malized stress-energy tensor does not simply scale un- 
der conformal transformation but also acquires geomet- 
rical corrections. Quite generally, Page has shown that 
the RSET for conformally coupled fields in a spacetime 
(Ai,g) can be obtained from the RSET in the confor- 
mally related spacetime (A4,g), where g^ u — e^ 2u 'g flL ,, 
by the following transformation rule: 



-/3[(2ff/ - AR a C a / v ) - e 4 "(2i7/ - fit C a / v )\ 
e 4 "7u1 ■ (3.1) 



Here a colon denotes covariant differentiation with the 
natural connection for the metric g^, 

= -R» a R av + IRR^ + {\R aP R aP - \R 2 )g^ , 

(3.2) 



and 



JflV 



- J^d A xR 2 



J 6_ 

VgSg^ 

2K^ V - 2RR^ + {\R 2 - 2R, a ' a )g fn '. (3.3) 



Here, (T^) and (T^) denote the RSET in some state on 
(Ai,g) and in the conformally related state on {M.,~g). 
The coefficients a, (3 and 7 depend on the spin of the 
field; if h s denotes the number of helicity states for fields 
of spin s then 

a = [l2h + 18/ii + 72/n] /(2 9 45tt 2 ) (3.4a) 
/3 = [-4/10 - Hhi - 124fti] /(2 9 45tt 2 ) (3.4b) 
7 = [8h + 12/ix + (48 or - 72)fti] /(2 9 45tt 2 ). (3.4c) 

The ambiguity in the coefficient of h\ arises from the 
choice of renormalization method but is irrelevant to our 
discussion. 

For our purposes, it is convenient to rewrite the first 
term using the identity 

(y>C a ^ v y afi + TjCdR ^ C ail p v — 
wB/ + uj^C a ^ a + u^Vatf"* + oj^C a ^ (3.5) 

where the Bach tensor B^ v is defined as 
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V9 °9 V J 

= C a »p v '<*P + ±i? a/3 C Q V- (3.6) 
Furthermore, since [fL5| 



R 7 5 + terms involving w :p 



(3.7) 



we find 



(V) =e 4w (T^)+8«^e 4w B/ 

[terms involving u> :p ] 



(3.8) 



There is an ambiguity in the RSET relating to the u 
contributio n, th at is, the logarithm of the conformal fac- 
tor in Eq. (3.1) that we must now discuss. There is an 
arbitrary renormalization scale hidden in the logarithm 
so that a constant conformal transformation, which cor- 
responds simply to a change in length scale, changes the 
RSET by the addition of a multiple of the Bach ten- 
sor. (Since the Bach tensor arises from a conformally 
invariant action it is traceless, so this ambiguity does not 
effect the trace anomaly.) In the next subsection we will 
see that this merely corresponds to a choice of renormal- 
ization point for the coupling coefficients in a generalized 
Einstein action. 



A direct applica tion of Eq. (3J3) to the self-similar 
spacetimes of Eq. (2.7) with = e~ u determines the 
u dependence of the RSET in the physical spacetime. 
Schematically, we can write 



(V) = e 4u (T^)(Q + 8aue 4u B^(C) + e 4 " S/(0> (3-9) 

where S>"(C) denotes a tensor constructed from the ge- 
ometry of (M,g) and u) :fjt = d" which cannot depend on 
u since £ = d/du is a Killing vector of (Ai,~g). The state 
dependence is carried by the RSET (T M I/ )(C) computed 
in the conformal spacetime; it is independent of u since 
£ is a Killing vector in this spacetime, and we expect the 
quantum states of interest to respect this symmetry. 



B. Semi-classical equations 

In general, quantum field theory in curved spacetime 
is only renormalizable (at one-loop) when viewed as part 
of a general theory of the gravitational held with a low- 
energy effective action of the form 

7 = / M (l^^- 2A ) + I^ a/3 ' r5 + ^ 

(3.10) 

The coupling constants A, a and b of this effective the- 
ory must be measured. Therefore the ambiguity associ- 
ated with the regularization scale is a manifestation of 
our lack of knowledge of physics at Planck scales - the 



boundary of validity of any effective theory based on an 
expansion of the gravitational action in powers of curva- 
ture. The generalized (semi-classical) Einstein equations 
can be written as 

+ Ag^ = 8irG [T» v + e {{T" v ) + 2aB" v + 2bl^)} 

(3.11) 

where e is a counting parameter which is unity if semi- 
classical effects are included and zero otherwise. 

The classical, critical solution corresponds to a self- 
similar solution to these equations with e = and A = 0. 
We wish to consider perturbations to such solutions 
which originate with small deviations from critical ini- 
tial data in the presence of quantum matter. A non-zero 
cosmological constant would change the value of t) at the 
critical point, but the asymptotic solution should be un- 
changed provided l/VA is larger than the initial matter 
configuration. For this reason we assume that A remains 
zero. Thus, we look for solutions of these generalized 
equations of the form 

G(C, u)= G SS (C) - (r? - V*)g c (()e^ u + eg q {Qe^ u (3.12) 
H(C, u)= H SS (C) - (r, - V*)h c (()e^ u + eh q {Qe^ u . (3.13) 

It is unnecessary to consider changes in gee since they 
can always be removed by a first order coordinate trans- 
formation. The value of to c is determined by solving a 
boundary value problem for the classical perturbations 
of the self-similar solution; this has been done by several 
authors H^U- However, uj q — 2 is easily determined by 
computing the Einstein tensor to linear order in H for 
the line-element in Eq. (|2.1|) [w ith G ((, u) and H((,u) 



determined by Eqs. ( |3.12| ) and ( 3.13 ) respectively], and 
com parin g the u dependence wit h th at of the RSET in 
Eq. (3.11) as determined by Eq. 



C. Modified mass scaling 

We can now consider the modified scaling relation for 
black hole mass. In the self-similar spacetimes corre- 
sponding to the critical point of gravitational collapse 
G ss + 2H SS C > everywhere, i.e., there is no apparent 
horizon. 

Substituting the perturbed quantities into Eq. ( |2.3j ), 
the apparent horizon is located at (£/i, Uh) such that 

F(( h , u h ) = G ss + 2H ss (h - (V - V*){9c + 2h c Ck)e^ Uh 
+e(g q + 2h q ( h )e^ Uh = . (3.14) 

Now, the radius of the apparent h orizo n is related to 
(uh, Ch) by Rh = e~" h 0i so that Eq. (3.14) can be rewrit- 
ten as 

F(R h , C h ) = Gss + 2H m Ch -(V- V*)(9c + 2fc c Ch)C R ~" c 
+e( g<? + 2/ l? O0C ir " 9 =°- ( 3 - 15 ) 
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The classical limit (e = 0) has been explored by other au- 
thors who have argued that the observed scaling re lation 
for black hole mass is determined by solving Eq. (3.15) 
for Rh in this limit @^|. Thus, one arrives at the relation 



R h cx (77 - 77*) V* 



(3.16) 



For perfect fluids with pressure proportional to energy 
density, i.e., p = kp, the classical parameter ui c decreases 
monotonically from about 9.46 when k — to 1.22 when 
k = 0.899 passing through uj c = 2 at k ~ 0.53 @,§. 

As the mass of the black hole which forms in marginally 
super-critical collapse approaches the Planck mass, quan- 
tum effects will become significant. Moreover, it is rea- 
sonable to expect that quantum matter will compete with 
gravitational collapse eventually averting formation of 
a black hole for some r\ q sufficiently close to rf . The 
conclusions that can be drawn from our analysis depend 
strongly on the relative magnitudes of u c and Lu q , there- 
fore we break the discussion into two cases. 

(i) When oj c < oj q the function F(Rh,(h) is represented 
schematically in Fig. ^. It is approximately constant dur- 
ing the self-similar phase of the evolution. For sufficiently 
large 77, classical gravitational collapse takes hold and a 
black hole forms at R c . Note that the function has a 
minimum at smaller Rh, and a second root at R q . As 77 
decreases R c — > R q until the roots coincide at some crit- 
ical value of the parameter T] q . When 77 < t] q , no black 
hole forms. Thus, we can infer a mass-gap at the thresh- 
old of black-hole formation in semi-classical collapse. 



(ii) When lo c > uj q we can say less about the critical 
point. Figure || shows F(Rh, Ch) in this circumstance for 
the two cases e = and e = 1. As 77 — * rf semi-classical 
effects have a significant effect causing the radius of the 
apparent horizon to be reduced compared to the purel y 
classical result; there is only a single root of Eq. ( 3.15 ). 
Once again, there is a critical value rj q of the parameter 
which marks the point when the apparent horizon radius 
corresponds to the boundary at which curvatures reach 
Planck scales and we can no longer trust semi-classical 
calculations. Quantum gravity, or at least a better ap- 
proximation to it, is needed to properly determine the 
critical point behavior. 




r"' 




FIG. 3. The horizon location is de termined by the roots 
of the function F(RhXh) in Eq. (3.15). When ui c > uj q and 
77 — > 77* the function has a local maximum, however the clas- 
sical terms always dominate as Rh — > 0. The dashed line is 
F(Rh,Ch) in the absence of quantum corrections when rj = 771. 
By assumption, quantum corrections decrease the size of the 
black hole as indicated by the slight decrease in the root when 
e = 1 and 77 = 771. When rj = rj q the black-hole horizon lies at 
the boundary of Planckian curvature and we must appeal to 
quantum gravity to understand the quantum corrections to 
the near critical evolutions. 



IV. DISCUSSION 



FIG. 2. The horizon location is dete rmined by the roots 
of the function F(Rh,Ch) in Eq. (3.15). We show here a 
schematic representation for several values of 77 which de- 
termine deviations from classically critical initial data, and 
u c < ojq. For sufficiently large rj classical collapse takes hold 
and a black hole forms at R c . The function has a minimum, 
however, and another root R q exists. As 77 is tuned to a criti- 
cal value rj q the two roots coincide. When rj < rj q no black hole 
forms. Thus a mass gap exists at the threshold of black-hole 
formation in semi-classical collapse. 



The conclusion arrived at here is not rigorous. We do 
not fully understand quantum gravity, or how to fully 
incorporate semi-classical effects into gravity. Nonethe- 
less we have been able to make some progress in under- 
standing semi-classical effects in critical spacetimes by 
studying the structure of the renormalized stress-energy 
tensor for conformally coupled fields in the critical back- 
ground spacetime. By modifying the perturbative ar- 
guments which are used to obtain the critical exponent 
observed in classical collapse we have been able to infer 
a mass gap at the threshold of black-hole formation in 
semi-classical theory. This conclusion relies heavily on 
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the assumption that quantum matter tends to oppose 
black-hole formation. The validity of this assumption 
can not be addressed without a complete calculation of 
the renormalized stress-energy tensor in the dynamical 
spacetimes of near critical collapse. Such a computation 
would be very difficult requiring the development of new 
techniques. 

ACKNOWLEDGMENTS 

We would like to thank Leonard Parker for discussions. 
This work was supported in part by an International Col- 
laboration Grant from Forbairt, and NSF grant AST- 
9417371. P.R.B. is grateful to the Sherman Fairchild 
Foundation for financial support. 



[1] M. W. Choptuik, Phys. Rev. Letters 70, 9 (1993). 
[2] C. R. Evans and J. S. Coleman, Phys. Rev. Letters 72, 
1782 (1994). 

[3] A. M. Abrahams and C. R. Evans, Phys. Rev. D 49, 3998 
(1994). 

[4] M. W. Choptuik, T. Chmaj, and P. Bizon, Phys. Rev. 

Lett. 77, 424 (1996). 
[5] R. S. Hamade, J. H. Home, and J. M. Stewart, Class. 

Quantum Grav. 13, 2241 (1996). 
[6] S. W. Hawking, Commun. Math. Phys. 43, 199 (1975). 
[7] T. Koike, T. Hara, and S. Adachi, Phys. Rev. Lett. 74, 

5170 (1995). 
[8] D. Maison, Phys. Lett. B 366, 82 (1996). 
[9] C. Gundlach, Phys. Rev. D 55, 695 (1997). 
[10] S. Ayal and T. Piran, Phys. Rev. D56, 4768 (1997). 
[11] S. Bose, L. Parker, and Y. Peleg, Phys. Rev. D54, 7490 

(1996) . 

[12] Y. Peleg, S. Bose, and L. Parker, Phys. Rev. D55, 4525 

(1997) . 

[13] D. N. Page, Phys. Rev. D25, 1499 (1982). 

[14] M. R. Brown, A. C. Ottewill, and D. N. Page, Phys. Rev. 

D33, 2840 (1986). 
[15] S. W. Hawking and G. F. R. Ellis, Large scale structure 

of spacetime (Cambridge University Press, Cambridge, 

1973). 



6 



